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ABSTRACT

We show that the one-sided Dyck shift has a unique tail invariant topo-
logically o-finite measure (up to scaling). This invariant measure of the
one sided Dyck turns out to be a shift-invariant probability. Furthermore,
it is one of the two ergodic probabilities obtaining maximal entropy. For
the two sided Dyck shift we show that there are exactly three ergodic
double-tail invariant probabilities. We show that the two sided Dyck has
a double-tail invariant probability, which is also shift invariant, with en-
tropy strictly less than the topological entropy.

1. Introduction

The study of tail invariant probabilities for subshifts has so far focused mostly
on sofic systems. There are known results for the case of the one sided tail of
(mixing) SFT’s [3]. Also, for the case of the §-shift it is known that there exists
a unique tail-invariant measure [1]. In all of these examples the tail-invariant
measure is also equivalent to a unique shift invariant measure of maximal en-
tropy. Invariant measures for the double-tail (and some sub-relations of the
double-tail) of SFT’s have also been characterized [10].

Let ¥ be a finite alphabet. For a subshift X ¢ %, we define the double-tail
relation, or homoclinic [10] relation of X to be:

T(X) i ={(z,2)) € X x X In>0V|k|>nz, =z}
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A T5(X)-holonomy is an injective Borel function g : A — g(A), with A a Borel
set and (z,g(x)) € Ta(X) for every z € A. We say that p € M(X) is a
double-tail invariant if u(A) = u(g(A)) for every 72(X)-holonomy g.

In this paper we identify the tail invariant probability measures for the Dyck
Shift. This subshift was used in [11] as a counter-example for a conjecture of
B. Weiss, showing there are exactly two measures of maximal entropy for this
subshift, both of which are Bernoulli. We show that for the one-sided Dyck
shift one of these measures is the unique tail-invariant probability (Section 3).
We also characterize the double-tail invariant probabilities for the Dyck shifts
(Section 4). In addition to its two equilibrium measures, the two sided Dyck shift
has another double-tail invariant probability — shift invariant, non-equilibrium.
These are the only three double-tail invariant, ergodic probabilities on the two
sided Dyck shift. A different but perhaps related study of the Dyck shift was
carried out by Hamachi and Inoue [9].

2. Definition of the Dyck system

Let us explicitly describe the Dyck language and it’s cover (Fischer automaton).
Let ¥ ={o; : 1 <j<m}U{B;:1<j<m}, T ={a;:1<j<m}*for
m > 1, and with A the empty word, ¢(a, ;) = aaj,a €T,
B; if a=Aor a = (aj)
ola,Bj) =¢ A ifae{a;:1<j<m}k keN, ay #
(ai)f;l ifae{aj:1<j<m}tF k>1, ap =q,
Another way to describe the Dyck-Shift is in terms of it’s syntactic monoid.
Let M be the monoid generated by %, with the following relations:
l.aj-Bj=A=1(modM),j=1,...,m;
2. (673N ﬁj = O(modM),z 75.7
The m-Dyck language is
L={leX*:1#0(mod M)}
and the corresponding (two sided) m-Dyck subshift is
X={zex?: (x;)l_, € Lforall —oo<r<Il<+oo}

and we will also refer to the one sided m-Dyck subshift:

Y={yex": (y)l_, €Lforall 0 <r << +o0}.
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These are indeed subshifts, since we only pose restrictions on finite blocks.
Conversely, we will later denote by L(X) = L(Y) = L the language consisting
of words which are admissible in X. Also, let

L, =L(Y,n):=LY)NX".

Note that when m = 1, X is simply the full 2-Shift. So we will only be
interested in the case where m > 2.
For w = (wo, ..., wn_1) € L(X,n) define

n—1 m
= a]7w7 6ﬁ]7w7)
=0 J:l
and H(A) = 0.
For x € X, let
1—1 m P
Z Zl 1( T 5Bz,wj) ifi >0
1) Hy(a) = z S Gy — Doy i <0

ift=0.
We shall use the same notation for the one-sided subshift. For y € Y, let

H(y) _ Z;;é Z;ll (60411?43' - 5ﬁlvyj) ifi>0
! 0 ifi = 0.

where it is clear from the context whether we are refereing to the one sided or
two sided subshift. If w = 1 (mod M) we say that w is a balanced word.

A word w is a Dyck word if it is a minimal balanced word. This means
w = a;w0F; for some balanced word w and 1 <1i < m.

For w € L,, define

m(w) = min{H (u) : u is a prefix of w}
a(w) = H(w) = m(w)
Blw) = —m(w)

where in the definition of m(w) it is understood that the empty word is a prefix
of any word, so that m(w) < 0. & is the number of unmatched o’s in w, and
B is the number of unmatched §’s in w. We say that w has an unmatched
a at location t if w; = ay, and &(wh ™) < &(wf). We define “unmatched 3
respectively using B We say that € X, has an unmatched a (3) at location ¢

if 2 = a; (v = ;) which is unmatched in any finite word x, 5 with ¢ € [a, b].
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2.1. CLASSIFICATION OF THE DYCK SYSTEM. Before stating and proving the
result regarding invariant measures for the Dyck system, we characterize this
subshift in terms of the classes of subshifts introduced in [2],[8], and [5]. The
purpose of this subsection is to put in broader context the Dyck shift and the
results in the following sections. Detailed discussions of these classes of subshifts
can be found in the references above.

By defining the Dyck language as the language recognized by a Fischer au-
tomaton, we showed that the Dyck system is a coded system (as in [2]). We
claim that the Dyck system is half-synchronized, yet not synchronized (as in

[8]):
PROPOSITION 2.1: Every word w in the Dyck langauge is half synchronizing

Proof. Suppose w = wy, ..., w,—1. Let (ur)ren be an enumeration of the Dyck
words. We define a left infinite sequence © € X as the word w (ending in
coordinate 0), preceded by a concatenation of the words (u)ren, and followed
by an infinite sequence of a;’s. x is a left-transitive point. w4 (x(—00,0]) =
w—+w, since every unmatched «; in z(—00,0)] must be in w. n

PROPOSITION 2.2: The m-Dyck system is not a synchronized system, for
m > 1.

Proof. Let w € L(X). There exist I,r such that lwr = 1(mod M). Thus, for
i # j, cilwrf; & L(X), but oylw € L(X) and wrf; € L(X). This show that w
is not a synchronizing word. |

In [5], Buzzi defined and studied a class of subshifts called subshifts of
quasi-finite type. We state without proof the following

PRrROPOSITION 2.3: Form > 1, the m-Dyck system is not weak quasi-finite type.

2.2. MAXIMAL MEASURES FOR THE DYCK SHIFT. In [11] Krieger introduced
the following decomposition of X into shift invariant subsets:

Ay ={ye X: lim H;(y) =— lim H;(y) = oo}

A_={ye X:—lim H;(y) = lim H;(y) = oo}

11— — 00

o0

A= (U{y € X Hiy) = Hou(w)} |y € X : Hi(y) = H”@)}).

i=—o0 =1 =1
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Since the complement of these sets, X\ (AL U A_ U Ap) is a countable union of
wandering sets, every ergodic shift-invariant probability measure assigns prob-
ability one to exactly one of these sets.

Let further

By = ﬁ (6 ({zeX:xial}UG{xEX:ziﬂl,Hik(z)Hi(z)}>)

i=—o00 N =1 k=1
B_ = i_ﬁm<lg <{:r eX:x = 6Z}UQ1{:E eX iz =, Hyp(x) = Hi(z)}>)

and observe that A, U Ay C By, A_UAy C B_. Let Q = {a1...am, B}
Define Hy(z) = 0, H;(z) = 23;10(2;::1 Ou;an — 02;,8), € . Denote

B, = .70 <H{w€Q:wial}Ukul{MEQ:wiﬂ,ﬁik(w)ﬁi(w)})
Ay ={weQ: 11323 Hi(w) = —iiiznoo Hi(w) = oo}
EOZD (l_Ul{weQ:ﬁi( w) = Hip(w }ﬂU{weQ Hi(w) =H,_ l(w)})

) o vi=q
(g+(y))z { ﬂ Yi S {517 cee 75771})

g+ is a one-to-one Borel mapping from B, onto §+, commuting with the shift.
This shows that every shift invariant probability measure g on X such that
#(B4) =1 can be transported to a shift invariant probability on 2 with equal
entropy. By the intrinsic ergodicity of the full-shift, there is a unique measure
w1 of maximal entropy on X such that pq(By) = 1. This measure is supported
by A+ C B,. By similar arguments, there is a unique measure s of maximal
entropy on X such that pus(B_) =1, and in fact pus(A_) = 1.

Remark 2.1:

1
sup {h’(Aoa Ta ,LL)} = 10g(2) + 5 logm
HEP(Ag,T) 2

Proof. Since Ay C By, any shift invariant probability po on X supported
by Ap can also be transported to a probability jip on © via g,. By the er-
godicity, fo([8]) = 1/2(1 — limy,—0o Hp(z)/n) = 1/2. Thus, h(X,T, ) =
h(Q, T, 1) < log(2) + 1/2log(m), and equality can be obtained by taking
o = [1° o (1/2m), .. 1/2m), 1/2). W
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3. Tail invariant measures for one sided Dyck shift

In this section we consider the one sided Dyck shift. We prove the following

result.

THEOREM 3.1: The tail relation of the one sided Dyck shift is uniquely ergodic.
Furthermore, there exists a unique topologically o-finite tail-invariant measure
on the one sided Dyck shift (up to multiplication by a positive real number). !

This theorem is a direct conclusion of Lemmas 3.3, 3.4 and Lemma 3.5 below.

LEMMA 3.1: The tail relation of the one sided m-Dyck is topologically transi-

tive.

Proof. Let y = (yn) € {a1,...,am} C Y. To prove the lemma, we will show
that 7 (y) is dense in Y. Let w = (w1,...,w,) € L(Y), then wy$,; € Y. Thus,

[w] NT (y) # 0. This proves 7 (Y) =Y. |

If a tail-invariant measure g on Y is topologically o-finite, there exists
w € L(Y') such that 0 < p([w]) < co. A corollary of our main result is that any
such p is a finite measure.

Define the following tail-invariant decomposition of the one-sided Dyck shift:

Gy ={yeY: lim H;(y) = o0}
G_ ={y €Y :liminf H;(y) = —o0}.
Go ={y € Y : liminf H;(y) € (—o0,+00)}
Obviously, Y = G4 WG_ W Gy
Let
W, =W":={le L(Y,n):l=1(mod M)}
where M is the syntactic monoid of the m-Dyck shift. W), is the set of balanced
words of length n. Denote:
wp = wy' = (W'
Let
W =W, ={leLY,n): l=alB; ,1<i<m,l€Wn_s}

n

L' A measure w on topological space X is topologically o-finite if there is a countable
cover of X \ N by open sets with finite y-measure, where N is a p-null set.
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W, is the set of Dyck words of length n. Denote @, = Wy = |fV[7[l”| Obviously,

Wy, < wy,

LEMMA 3.2: o
m ( k ) k

w2k‘_k+1m

Proof. First, we note that wy}, = mkw%k. This follows from the fact that given
a € W, one can independently choose the “type” of each pair of brackets in
order to create distinct elements in Wiy, and every element of Wj} can be
created this way. This describes a m* to one mapping Wik — W,
All that remains is to prove
o)
k+1

This is sometimes called the ballot problem. An elementary proof of this can
be found in [7, pp. 69-73]. ]

LEMMA 3.3: There are no topologically o-finite tail invariant measures, giving
Gy positive measure.

Proof. Suppose p is a tail invariant measure such that 0 < pu(GoN[v]) < oo and
|v| = 1. Without loss of generality, we can assume u(Go N [v]) =1 . Let R, be
the subset of X consisting of points which are balanced from time n onwards:

R, ={yeY :Vi>n H(y) > Hu(y), liminf H;(y) = H.(y)}

We write the following decomposition of [v] N R, according to the first Dyck
word following v:

[v]NR, = L—Ij H—J (T7"[w] N Ry) N [v]
k wEWk
=4 W @ wlnRa) N ], Yn>L.
k wEWk
We further decompose each of these sets
W] NT " [wlN Ryke = L'ﬂ (T7"[w]N RnyrN[a])N[v] = L'ﬂ law] N (Rytk)-
a€Lly a€Ly,al=v
We note that

Ryt N[v] = L"j Ry N [B],
beL(Y,n+k),al=v
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and for every a,b € Lytk, (Rntk N[a]) = p(Rptr N [b]) because p is T(Y)-
invariant.
Let 1, = u(Ry, N [v]), an = [{a € L, : o} = v}|,r00 = sup,, 7, then

anﬁ}k
Tn = E T4k,

& An+k
SO
AWy
Too < SUP g Too-
n>0 & An+k

Since 1, < p([v] NGo) and Go = J,, Rn, we have 0 < 7o < 0o . We obtain

an Wk

1 <sup .
nzog An+k

Since for any v € £, and any 1 < j < m, ua; € L4 and there exists
1 <j < msuch that u8; € L,,4+1, we get the inequality a,+1/a, > m+ 1. This
proves that a,/anyor < m Also,

from this follows

k=1 k=1
but
00 2k x X
3 (i) xk:x—l/ 3 2K\ kg _ Lo V1—dz
kE+1 0 k 2z ’
k=1 k=1
so for m > 1
ianwk (m 4+ 1)? m—1 1
Hoapyr — 2m m+1 T m’
which implies
. 1
sup n WOk <—x1
n>0 An+k m

k
This gives us a contradiction to our assumption of the existence of such a

measure [i. |

LEMMA 3.4: There are no topologically o-finite tail invariant measures, giving

G+ positive measure.
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Proof. Assume there exist a tail invariant measure p such that

0 < u(Gy N < oco.

Since G4 is a tail invariant subset, we can assume ;(GS.) = 0 by taking p/(A) =
w(ANGy). Let
F, = m {Hk(y) > Hn(y)}
k>n
and

n—1
n:&\UE.
j=1
F, are the sets of points which have the first o which is unmatched at coordinate
n. By definition,
Gic P

n>0
So for some n we must have 0 < u(F, N [v]) < .

F, = U U(Fn n [U}Oéi]),

w i=1
where the union is over all w € £,,_; with &(w) = 0. For any K € N we have
that

(Fo N [wai]) = [H(Fn N [waib])
b

The union here is over all b € L such that 3 (b) = 0. The reason there should
be no unmatched (’s in b is that they will not match the «; at coordinate
n. We denote the set of such b’s by Ukx. Suppose such b has &(b) = j with
j > 0. Denote by &(b,t), 0 < t < j — 1 (which also depends on w), the
word obtained from b by replacing the leftmost unmatched ag by 5; (so as to
match the unmatched «;) and replacing the next ¢ leftmost unmatched « with
Bs. It follows from the construction that for any y € Y, if wa;by € Y then
waé(bt)y €Y.

This shows there is a tail holonomy 7 : [wa;b] — w[wa,b] C [wa;E(b, )], so
pu([wa;b]) < p((wa€(b,t)]). For by, by € Uk, if £(b1,t) = &(be,t), this implies
that b; and by can differ only where the first unmatched « is located — so the
maps &(.,t) are m to 1. Let

C(Kvnaj) = ﬂ {HN(y) > .7 +Hn+1(y)}
N>K
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By definition, G4 C |Ji C(K,n,j). From our assumption that u is supported
on G, it follows that p((J, C(K,n,j))¢) = 0. Since C(K,n, j) is an increasing
sequence of sets, there exist Ky such that
w(C(Ko,n, j) N [wai] N EFy) > (1= 1/j)p([wai] N E).
Define:
U(K()a]) = {b € EKO : é‘(b) > .ja B(b) = 0}
Note that if ¢; # to, then £(b1,t1) # &(ba,t2), because they have different
number of unmatched 3’s. We have
C(K()anaj)ﬁ[wai]an: H’J ([wazb])mO(KO;naj)ﬁFn
beU(Ko,j)

For the above Ky, the following inequalities hold:

W(Fy 1 [was]) < j]ﬁ“(Fn N [was] N C(Ko, . )

= Z w([wa;b]) N C(Ko,n,j) N Fy)
beU(Ko,j)

beU (Ko,j)

Because &(.,t) are m to 1
<m D pl[wesg(d,1).
beU (Ko,j)

We average this in equality over ¢

j—1
p(Fn 0 wai]) < = l[wasg (b, 1)),
J t=1bcU(Ko,j)
because:
-1
[waz] 2+ Lﬂ ([wazg(bv t)])
t=1beU(Ko,j)
We obtain
w(Fn N [wag)) < %u([wai])

We assume that p(fwey]) < p([v]) = w(G+ N v]) < oo, so taking j — co we
obtain that u(F, N [wa;]) = 0, and since G4 N [v] is a countable union of such
sets we conclude that u(G4 N [v]) = 0. |



Vol. 163, 2008 TAIL INVARIANT MEASURES OF THE DYCK SHIFT 71

We conclude that every tail invariant measure of the Dyck shift is supported
by
G_ ={y € X : liminf H;(y) = —o0}.

To prove unique ergodicity, we need the following

LEMMA 3.5: There exists a unique tail-invariant probability measure pu on Y
such that (G_) = 1. Furthermore, for any topologically o-finite tail-invariant
measure ' on G_, ' = cp for some positive number c.

Proof. Let © = {41, ..., Bm, a}"Y. Define

3 m

Ho(z) = 0, ﬁi(x)zz(_z(swj,ﬁk+5wj,a), for z € ©.
k=1

j=1
Denote
O_ = {z € O : liminf H;(z) = —oo}.

We will use a one-to-one Borel mapping of G_ on to ©_, introduced in [11].
The map is defined is follows

g- G- —0O_
o Y E1Q0, ..., 0y
g-(v): = € o, om)
Bi  yi =B
g— is a bijection, and (y1,72) € T(Y) < (9-(y1),9-(y2)) € T(O) for any
Y1,y2 € G_. Let p be the symmetric Bernoulli measure on 2 satisfying

p(jw1,...,wn]) = (1/(m 4+ 1))". By the law of large numbers p(©_) = 1, and
therefor po g_(G_) = 1. So po g_ is a tail invariant probability measure on
Y supported by G_. Suppose p is a tail invariant probability measure on Y
such that p(G_) = 1. p can be transported by g_ to a tail invariant probabil-
ity measure ¢ on © (supported by ©_). Since © is a full-shift, the uniqueness
of 7 (©)-invariant topologically o-finite measure follows immediately from the
fact that all cylinders of the same length have equal measure. This proves the
uniqueness of a tail-invariant topologically o-finite measure on G_. |

4. Two sided Dyck shift

4.1. MAXIMAL ENTROPY IMPLIES DOUBLE-TAIL INVARIANCE. In [11] it was
demonstrated that the Dyck shift has two ergodic shift invariant probabilities
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with entropy equal to the topological entropy. Such probabilities are called
equilibrium states. In this section we show that both of these probabilities

are also double-tail invariant.
We introduce the following sets, which are mutually disjoint and are double-

tail invariant. For s,t € {{4+00},{—0c0}, R} we define
Bl ={ze X: len_ﬁgole(x) € s,lliin_igHi(x) €t}
Let
O ={zc{ar...am,B}": glinﬁg H;(z) = 400, liminf H;(z) = —oo}

11— —0Q

and

i——00

Or ={ze{Bi...Bm,a}’: l_ierinfﬁi( z) = —o0, liminf H;(z) = 400}

Where H and H are defined on {ag...am, Y and {B; ... Bm, a}? respectively,
as in formula (1).
Define:
g+ BIZ — Q1%

@ Yi = oy

6 yie{ﬂla"'aﬂm}a
_:B{X— 0O

Bi yi=0;
a y €{ar,...,am},

(9-()i = {

g+ is a Borel bijection from BT to Q1% and g_ is a Borel bijection of the
appropriate sets. The definitions of g4 and g_ can also be extended to functions

+:BE _— QR and g_ : By™ — ©;, which are also Borel bijections.

LEMMA 4.1: g4 : BT s QT2 g B ¥ — O3, g9+ ¢ BR_ — QR __
— 1 Bg® +— O™ are isomorphisms of the two sided tail relations:
(9+ x g+)(Z2( ) (
(- x 9-)(12(B{Y)) = Tal
(9+ % 9+)(75(BHEW)) =T2(Q
)(T2(Bg™)) = Ta(

(9-xg
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Proof. We prove the result for g, : Bt s Q7% the other results are proved
in the same manner. (g, x g4 )(T2(BTY)) € T2(QT2) is trivial, so we show the
other inclusion. Suppose (g4 (z), g+ (y)) € T2(QF2). Let ng > 0 be such that
g+ (z)[—no,ng]c = ng(y)[—nU,no]C-
Let
r(i,x) = max{j <i: H;(z) = H;i(z)}

Clearly, r(i1, z) = r(ia, x) is impossible for iy # i2. Since

1im_ii_nf H,(z), lim_ii_nf H,(y) > —o0

there exists ¢ such that for some large N, H;(x) > ¢ for every ¢« > N. Since
liminf,, o Hy(z) = liminf,,,_o H,(y) = —oc , it follows that there exist
some ig < N such that H;,(r) = ¢, so for every ¢ > N, r(i,x) > ip. The same
argument applies for y. Since (r(i,z));>n and ((r(¢,y))i>n are both injective
sequences of integers, bounded from below, it follows that

lim r(n,z) = (n,y) = +oc.

lim r
n——+oo n—-+oo

Note that for ni,ne > ng,

~ ~

Hy,, (g+(l‘)) - ﬁnz((g-l-(‘r)) = Hp, (g+(y)) - ﬁnz((g-i-(y))

So for all large n enough so that r(n,z) > ng,r(n,y) > no, there are exactly

two cases:

(1) ng(l‘)n = g+(y)n = ﬂa in which case 7’(77,,1‘) = T(nay) and Lr(n,z) =
Yr(n,y)s S0 Tpn = Yn
(2) g4+(z) = g+(y) = for 1 < i < m, and then z, =y, = ;
Obviously, for n < —ng, Z,, = y,. This proves (z,y) € To(BTY). n

LEMMA 4.2: There exists a unique 7o-invariant probability of X supported by
Bt

—007

and a unique Ty-invariant probability of X supported by B 5. There

are no T-invariant probabilities on BX  and By *°.

Proof. The symmetric product measure p on  assigns probability one to Q.
Transporting the product measure on 2 by means of gll to B'_"f;f yields a tail
invariant probability measure on X, by the previous lemma.

On the other hand, any tail invariant probability on X supported by
B2 U BE
This is an injective correspondence, so by the uniqueness of double-tail in-

can be transported to a tail invariant probability on £ by g.

o0

variant probability on 2, we conclude the uniqueness of double-tail invariant
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probability on Bfg’j U B]EOO. In particular, this also proves that no double-tail
invariant probability on B® _ exist. We obtain the results for BY and Bg ™

— 00

symmetrically. |

4.2. A THIRD DOUBLE-TAIL INVARIANT PROBABILITY. For z € {0,1}%, we de-

fine: .
~ S (01,2, = B0,z,) i >0
Hi(z) =S 100z, —01z) ifi<0
0 if 1 =0.
Let
—oc0 __ Z . ] — 3 7 —
S =12 €{0,1}7: nf Ho(z) = —co, inf Hy(2) = —o0 }
Let us define a Borel function F: S~ x {1,...,m}? — %Z.
Let
F(z,a)n — 7 lf Zn = 17 a'Yn(Z) :j )
Bi ifzn =0,k =en(2), and a,, () = j
where,
k
% k Z 0
(o) = T
— Zi:k z k<O
en(z) =max{l <n: Hj(z) < Hy1(2)}.
Since liminf,,_,_ f{n(z) = —oco for z € ST, F is well-defined.

LEMMA 4.3: Forevery z € S~ a € {1,...,m}%, F(z,a) € X.

Proof. Suppose x = F(z,a) ¢ X, then there exist n,n’ € Z, n < n’, such that
Ty = 04, T = P with ¢ # j and n = max{l <n’': Hj(z) = Hp11(x)}. But
[ |

in that case, n = e,/(2), 80 i = j = a4, ()

Let p1 be the symmetric product measure on {0, 1}Z, and po the symmetric

product measure on {1,...,m}%.

LEMMA 4.4: 11(SZY) = 1.

—o0
Proof. This follows from recurrence and ergodicity of the simple random walk

on Z. [ |

We define: i = (1 x p2) o F~1. Since F~H(B~X) = S~ x {1,...,m}* it
follows that i(BZ3) = 1.
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Let us also define a Borel mapping z : BZ3 — S”%:

1 zped{ar,..,an}
Z(z)"{ 0 2 € (B m}.

The following lemma gives an explicit formula for the fi probability of a
cylinder.

LEMMA 4.5: Let w € L(X). If the number of matched o’s in w is n; and
the number of unmatched «’s and (3’s is na (2n1 + no = |w|), then p([w]y) =
m~(rmtn2) (1 /2)lwl,

Proof. Denote by fi,..., fn, the locations of matched a’s in w. Denote by
g1,---,9n; the locations of unmatched o’s in w. Denote by hi,..., hyy the
locations of unmatched £’s in w. We have n}, +nf = ny. For 7€ 2™, 5 € Zna,
t'e 7", define:

IN
IN
3

Ar ={z:rp(2) = 1 <L <m},
B ={z: Yptq(2) =s1 1 <1< nb},
Cr={2z:7:(z) =tie1 = xqn(2) 1 <1 <nj}.

IN
IN

Z

Informally, Ay, By, Cy determine the locations in the sequence a € {1,...,m}

involved in selecting the types of a’s and #’s within the coordinates k, . . . , k+|w|.
Now we define:
Z={z€85-%: zitr = z(w); for 0 <i < |w|},
L={ac{l,....m}*:a, =jif wy, = a;},
L={ac{l,...,m}*:a, =jifw, =a;},

Ci={ac {1,...,m}* :ay, = j if wy, = B;}.
With the above definitions we can write:

(@) F7([wl) = 2> {1, omy* 0 U (A7 x A7) 1 (Bs x By 0 (Cr x Cp).

Where the union of 7, §,# ranges over all vectors such that the set of numbers
appearing in their coordinates are pairwise disjoint. This is a union of disjoint
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sets. Thus
i[wlk) = (1 x p2)((Z N Az BeN Cp) x (AN BN Cy)),
37
(3) ~ / ! !
i([wlk) =Y p1(Z 0 Az N By N Cpua (AR N BN CY).
37

Now notice that for every 7, §,¢ in the sum,
fi2 (AN BN CF) = m~ (MAnetn) — gp=(mitna),
Also note that Z = U;,ﬁF(Z NA»N Bz NCy), so ui(Z) = Zg’;ful(Z N AN
BsN Cy). Thus, equation 3 can be simplified as follows
i[wle) = > pa(Z N Az BN Cpym~(m+m2)
37
= (Z)m= () = (1/2) =)

THEOREM 4.1: fi is a Ta-invariant probability.

Our method of proving this is as follows: We define a countable set of 7a-

holonomies
H={gww.n: n€Z, ww €LX)|w = w=w(mod M), }

By Proposition 4.3 below, we see that [ is invariant under H. Then we prove
that H generates 72, up to a fi-null set (Proposition 4.4 bellow). This will

complete the proof.

LEMMA 4.6: Suppose w,w’ € L£(X,n) with w = w'(mod M). If x,y € %% such

that 2(,_pn k) = W, Yk—nk = W and Tp_p ke = Yk—n,k)c, then
reX&eyelX.

Proof. Suppose € X. We have to show that yp,_; ; # 0(mod M), for every

J > n. Writing xp,_; ;) = swt , we have yj,_; jj = sw't and since w = w’ (mod

M), sw't = swt £ 0 (mod M). This shows that y € X. By replacing the roles
of y and x we get: y e X =z € X. |

Let w,w’ € L(X,n) with w = w' (mod M) and k € Z. By Lemma 4.6 we
can define gy w1 @ (W] — [W']i to be the Borel function that changes the n

coordinates starting at k from w to w’.

/ /
gw,w/,k(- s -1, W0y -+ s Wn—15Lhtn, - - ) = ( ey T—1,Woy e oo, Wy 1y Thtn - - )
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PROPOSITION 4.2: If w = w'mod M) , |w| = ||, and k € Z, then i([w]) =
(' ]k)-
Proof. By lemma 4.5, fi([w]z) = m~("1+72)(1/2)I*l. Since the number of paired

a in w' is also nq, we get that a([w]x) = fa([w']k)- |

PROPOSITION 4.3: If w = w'(mod M), |w| = |w'|, and k € Z, then [i IS gy w' k

invariant.

Proof. First note that if w = w’(mod M) then for every s,t € L(X) swt =
sw't(mod M). This fact, along with Proposition 4.2 shows that g(A) =
f(gw w1 (A)) for every cylinder set A. Since the cylinder sets generate the Borel
sets, this shows fi iS gu - k-invariant. [ |

For x € BZ2. and j > 0 define

— 00

a;(x) =min{k > 0: Hy1(z) = —j},

bj(xz) = max{k < 0: Hy(z) = —j}.

Note that for any x € BZ3, (a;j(x));en is strictly increasing, and (b;(z));en

—00)

is strictly decreasing. Also note that z,;) € {B1,...,0m} and zy,,) €
{a1, ..., an}, and if 2,4, () = B; then zy, ;) = a;. Let

Al ={x € B2 %p,(a) = o, .(2) V] > N}
LEMMA 4.7: (A7) =0 for allc € Z\ {0}, n > 0.
Proof. For z € SZZ define
bj(2) = max{k < 0: Hy(z) = j}.

For any z € B2, bj(z(x)) = bj(z). Now, for J C N with |.J| < oo

—00)

A({Zp,(x) = To,,o(2) for € J })
=(p2 x p1)({(a,2) + a;, = a5, lj1 = bj(2) lj2 = bjre(z) for j € J})
=(1/m)M!.

This follows from the definition of i as the image of a product measure, and

from the fact that (b;(x)) ey is strictly monotonic, so the [;1’s are all distinct,
and [;1 # ;2 for j € J. Thus, (A7) = 0. |
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PROPOSITION 4.4: There exists a double-tail invariant set Xo C X with
i1(Xo) = 1, such the countable set of Ta-holonomies

H={gww.n: n€Z, ww €LX)|w =|w| w=w(modM), }
generates T5(Xy).

Proof. Let Xo=BZ\U,, ;ns0Uexo T ™AL Since i(BZ3)=1, and ji(A7)= 0
for ¢ # 0 by the previous lemma, f(Xo) = 1. Also, since BZ3 and
Un.msoUego T AL are To-invariant sets, Xo is To-invariant. We show that
H generates 73(Xo).

Suppose (z,y) € T2(Xo). We must show that y = g(z) for some g € H.
There exists n € N so that z(_, njc = Y_[n,ne- Let w = x[_py 5, w' = Y[—n,n]-
Let ¢ = H(w) — H(w').

First assume ¢ # 0. Let '/ = T~"(z), v’ = T~ "(y). Then $I[0,2n]c = yfo,2n]f~'
For all k > 2n, Hy(2') = Hi(y') + ¢. Therefore, a;j(2’) = ajic(y’) for all
J > 2n+lcf. Also, Since () 5,1 = Y[ ap)c, Hir(2") = Hi(y') for all k < 0. So
bi(a’) = b;(y') for all j > 0.

For j > 2n + |¢|, denote za @) = = (;. Then zb @) = % Also, ¥/ b (y)
oy (o) = Tay(ay = Bin 50 Uy = O Therefore, ), ) = 1, =
We conclude that xb @) = T, io(ay forall j > 2n + le|. This proves that
T € T—"AE””C‘, but we assumed x € X, so this is a contradiction, so ¢ = 0.

Therefore, for every k1 < —n and ko > n, we have

Hy, (z) — Hy,(z) = Hg, (y) — Hi, (y)

Let N = min{k > n: Higy1(z) < —2n} and N’ = max{k < —n : Hi(z) =
Hy(zy1(2)}. N and N' are well-defined for » € BZ3;. We have that

Hyyi(z) — Hyo () = Hy1a(y) — Hy(y) = 0,

and so z(nv N) = yv, v = 0( mod M). Thus Y = o/ w0 a0, N (2)- |
PROPOSITION 4.5: i is a shift invariant probability.
Proof. Let [w]x be a cylinder set.By lemma 4.5, we have

Alw]) = m=mFmz(1/2)l]
and also

AT k) = m™t(1/2)1],

So ji(A) = a(T~1[A]) for every Borel set A. |
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One could question whether Proposition 4.5 follows immediately from the
fact that the shift mapping is a normalizer of the double-tail relation. We
note that, in general, double-tail invariant measures are not necessarily shift
invariant. To see this, consider a (finite) subshift consisting of an orbit of a
periodic point. For more elaborate examples of a similar phenomenon see [4],
where it is shown that the “generalized hard core model” has Gibbs measures
which are not shift-invariant.

PROPOSITION 4.6: )
hip(X,T) =log(2) + 3 log(m).

Proof. We have h;(X,T) = limp—o0 hp(zolz—1,2-2,...,2_5). Let
w(al,...,an) =min{H(a1,...,a;): 0<k <n}.

By applying lemma 4.5, we get

log(2m) if w(ai,...,an) >0
hp(zolz—i =a1,...,2—n = ap) = 1 i
log(2) + 5 log(m) if w(ay,...,a,) <O0.
We have
hﬁ(l‘o|l‘_1, LT_2,... ,.T_n)

~ 1 ~
= (w(ay,...,a,) < 0)(log(2) + 3 log(m)) + i(w(ay,...,a,) > 0)log(2m).
Since lim, o fi(w(a,...,a,) > 0) = 0, we have
1
hi(X,T) =log(2) + 3 log(m). |

For m > 2, hy(X,T) < hyop(X,T). Thus, i provides an example of a shift
invariant probability, which is also 75 invariant, yet has entropy which is strictly
less than the topological entropy, for m > 2 .

4.3. NO OTHER DOUBLE-TAIL INVARIANT PROBABILITIES. In this subsection
we conclude that apart from the two probabilities described in Section 4.1 and
the probability defined in Section 4.2, there are no other ergodic double-tail
invariant probabilities for the Dyck shift.
By Lemma 4.2 we know that there are no more double-tail invariant prob-
abilities on the sets BT and B3, We also know by the same lemma that
and By *°.

Our next goal is to prove [i is unique on BZZ:

there are no such probabilities on B&)o
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o0
o0

PROPOSITION 4.7: Suppose v is a To(BZ
every w = 1(mod M),

) invariant probability. Then for

) = (57=)

Proof. Let [w]; be a balanced cylinder with |w| = 2n. For i < t, denote
M;ion ={z e X : 2N = 1(mod M)}.

Since all balanced cylinders of the same length have equal v- probability, we can
calculate v([w]; | M; i+2n) by counting the number of balanced words of length
2N, and the number of such balanced words with w as a subword starting at
position ¢t — 4. By Lemma 3.2, the number of balanced words of length 2N is
m (2[€7V) N

WonN = N—Hm .
The number balanced word of length 2N with w as a subword starting at
position ¢ — ¢ is wyp _,,,. Thus,

m

Won _
v([wls | Miion) = —2=20
WaN
It easily follows that
wht 1 2n
li Mysion) = i 2N ( ) .
Ngnoo V([w]t | l7l+2N) Ngnoo U};nN_Qn 2\/5

Since ¥(BZY) = 1, we have
l/( ﬂ U U Mi’i+2N) =1.
NoeNie—N N>No
For Ny >n define a random variable x n, (#) :=min{N > No:z € J;c _y M;iran}-
We have
1 2n
Al = 3 vl = Nl [ = N) = ) ®
0

PROPOSITION 4.8: [i is the unique 75 invariant probability on BZY,.

Proof. Suppose v is a 75 invariant probability on BZJ,. By proposition 4.7,

() Vo = 1(mod M) v([w]) = (ﬁ)'w'.

For a € L(X), we say that w € L(X) is a minimal balanced extension of a,
if the following conditions hold:
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1. There exist [, € L(X) such that w = lar;
2. w=1 (mod M);
3. for every I’ suffix of [ and " prefix of r, I’ar’ = 1 implies I'ar’ = w.

Since for every a € L(X),

aly =, H—J{[w]s . w is a minimal balanced extension of a, with (w;)/—*1"! = a}.

We have
v(lale) =Y v(] Zu s) = i(la]e),
[w]s
where the sum ranges over minimal balanced extensions of a. This proves v = fi.
By Theorem 4.1, this proves f is the unique double tail invariant probability of
B~Y. ]

Finally, we show that no other double-tail invariant probabilities exist for the
Dyck Shift.

Define: p : % + XN by p((2p)nez) = (Tn)nen. This is a Borel mapping
that maps the two-sided Dyck shift X onto the one sided Dyck shift Y c &N,
Let Ko = {z € X : Hi(z) > 0,Vi < 0}, and K; = T~ %(Kp)). Notice that
Bf c U2y Ks, for s,t € {{+0o0},R}.

LEMMA 4.8: If A,B CY are Borel sets, and g : A — B is a T(Y)-holonomy,
then there exists a T2(X)-holonomy g : (p~1(A) N Ko) — (p~*(B) N Kp).

Proof. We define g : (p~1(A) N Koy) — (p~*(B) N Kp) as follows

~($) _ Tn n <0
T =N g(pz))n > 0.

We prove that § takes p~1(A) N Ko into p~1(B) N Ko. Let x € p~1(A4) N K.
Since x, = g(x), for all n < 0, we have H,(z) = H,(g(x)) for n < 0. Be-
cause z € Ky we have Hp(g(z)) > 0 for ¢ < 0. Let y = g(z). Now we
prove that y € X. Otherwise, there exist ny,ns € Z, such that n; =
min{l < ne : Hi(y) = Hp,+1(¥)}, and yn, = a; yn, = B with ¢ # j. If
ni,n2 < 0 then yn, = Zn;, Yn, = Tn,, so this contradicts the fact that z € X.
If ny,n2 > 0, then y,, = 9(B(x))ny, Yny = g(H(€))n,, so this contradicts the
fact that g(p(x)) € Y.

The case n; < 0 < ng remains. We have Hy, (y) > 0 = Hy(y), and
Hpy41(y) = Hn,(y) — 1 (since yn, = ;). Also, Hn,11(y) = Hn,(y) 2 0.
Since H;(y) — Hit+1(y) = £1, there must be some [ > 0 such that H;(y) =
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Hp4+1(y). This contradicts the condition on nj,n2. By the definition of g,
p(G(z)) = g(p(x)), so g(z) € p~1(B). The fact that g is one to one and onto
(p~1(B) N Ky) follows from the fact that

. T, n<0
g~ (2)n {gl(ﬁ(x))n "> 0.

To complete the proof of the lemma we must show that (z,g(z)) € T2(X).
Since ¢ is a 7 (Y)-holonomy, p(x) and g(p(x) only differ in a finite number of
(positive) coordinates. x and g(z) only differ in the coordinates where p(z) and
g(p(z)) differ, which is a finite set. So (z,g(x)) € To(X). W

LEMMA 4.9: There are no T3(X )-invariant probability measures on X supported
by Bf, s,t € {{+00},R}.

Proof. We first prove the result for BRt € {{+oo},R}. Recall that K; =

{z € X : H,(z) > Hi(x),Vn < i}. Notice that Bf C Uy, K;. Suppose u

is a To(X)-invariant probability supported by BF,where t € {{+o0o}, R}, then

w(K;) > 0 for some i > 0. Without loss of generality we can assume u(Kg) > 0.
Define a probability ji on Y by the formula

-1
y pu(p(A)N Koy
M0 K
28N}
By Lemma 4.8, i is a 7 (V') invariant probability. Also, since u(BfF) = 1

iy € Y s liminf Hy(y) € RY) = 1.
Similarly, the existence of a 75(X)-invariant probability supported by B; >,
where t € {{+00}, R} would result in a 7 (Y)-invariant probability i with
iy € Y s liminf Hy(y) = +oo}) = 1.
But in Section 3 it was proved that the one sided Dyck shift has a unique
7 -invariant probability, supported by
{y e Y : liminf H,(y) = —oc}.
Which rules out the possibility that such f exists. |
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